Abstract: The univariate theorem of "de Montessus de Ballore" proves the convergence of column sequences of Pad6 approximants for functions f(z) meromorphic in a disk, in case the number of poles of f(z) and their multiplicity is known in advance. We prove here a multivariate analogon for the case of "simple" poles and for the general order Pad& approximants as introduced by Cuyt and Verdonk (1984).
The univariate "de Montessus de Ballore" theorem
Proof. For the proof we refer to Saffs short and elegant proof, which can, for instance, be found in [l, pp.252-2541 . The uniform convergence is based on the error formula f ('1 -LNIMl = (A) (qR;)(z) i,,c,,zi/;o, =R (fq;it?) dv,
This expression tends to zero for I z I < R. 0
Multivariate Pad6 approximants
We restrict our description to the bivariate case, only for notational convenience, although we may use the term multivariate in the text.
Given a Taylor series expansion f (x, y) = c (i&El+ c,,x'y', with cij = $ $ ,,a;;ij (0, 0), we compute a Padt approximant p(x, y)/q(x, y) to f(x, y) where the polynomials p(x, y) and q(x, y) are given by
and are determined by the following "accuracy-through-order" principle [6] . The finite sets N and M indicate the "degree" of p(x, y) and q( x, y). Let us denote #N=n+l, #M=m+l. It is possible to let p(x, y) and q(x, y) satisfy 
and a homogeneous part defining the denominator coefficients
Condition (2b) guarantees the existence of a nontrivial denominator q(x, y) because the homogeneous system has one equation less than the number of unknowns and so one unknown coefficient can be chosen freely.
Condition ( For more information we refer to [6, 7] . We denote this multivariate PadC approximant by Remember that in order to set up (6), the enumeration of N and E should be such that all subsets Ek + I of E satisfy the inclusion property too. If we let n and m increase, infinite chains of index sets as in (5) can be constructed and an infinite table of multivariate PadC approximants results. Of course, in practice, only a finite number of entries will be computed.
The multivariate "de Montessus de Ballore" theorem
The univariate theorem deals with the case of simple poles as well as with the case of multiple poles. The former means that we have information concerning the denominator of the meromorphic function while the latter means that we also have information on the derivatives of that denominator. We shall prove a multivariate analogon of the univariate "de Montessus de Ballore" theorem, for the case of "simple" poles. Each of the conditions of Theorem 1 shall have its multivariate counterpart in Theorem 2. Before stating the theorem we introduce some notations. By the set N * A4 we denote the index set that results from the multiplication of a polynomial indexed by N with a polynomial indexed by M,
Since the set E satisfies the inclusion property we can inscribe isosceles triangles in E, with top in (0, 0) and base along the antidiagonal. Let 7 be the largest of these inscribed triangles.
On the other hand, because N * A4 is a finite subset of N*, we can circumscribe it with such triangles. Let T be the smallest of these circumscribing triangles.
In Figs. 1 and 2. we call r, and r, the "range" of the triangles 7 and T, respectively. Proof. Let the polynomials p(x, y) and q(x, y), respectively of "degree" N and M, satisfy the Pad6 conditions (1). We also assume that the sets N, A4 and E' are enumerated as in (4) . Since the function fR, is an analytic function we can write, using Cauchy's integral representation
The 
Example and discussion
In the above proof the main difficulty in comparison with the univariate theorem lies in the fact that in formula (9) I& ( For the m points (xh, yh) satisfying (7a), (7b) we can take (see Fig. 3 ) The respective values of the PadC approximants in the column [NJM,] , n + 00 evaluated at
(1, 1) can be found in Table 1 . These values are converging to -e2 = -7.389056098930 . . . .
The respective coefficients of the denominators q(x, y) in the column [ NJM,] , n + co can be found in Table 2 . In order to point out the role of the enumeration of RJ2, we remark the following. The results for [N,/M,](l, l), n + co, and q( x, y) in the column [N/M,] can be found in Tables 3 and 4 , respectively.
We can even use an enumeration for the set M different from the one used for N and E and find similar convergence results. One can play around with these things as long as the conditions (7) are not violated. Especially for (7b) we refer the interested reader to [4] where the regularity of such generalized Vandermonde determinant is discussed. In the literature one can find similar attempts to generalize the theorem of "de Montessus de Ballore" to the multivariate case. Chisholm and Graves-Morris [3, 8] give a highly technical multivariate convergence theorem for the Canterbury approximants [2, 11] . They do not yet treat the material in such a general way as is done here. We have complete freedom of choice for the numerator (by setting N) and the equations defining the Pad6 approximation order (by setting E).
Karlsson and Wallin [12] provide some counterexamples for a "de Montessus de Ballore" convergence theorem. These counterexamples serve to confirm their point of view that the several variable case is much more complicated than the one variable case. The reader can verify that the counterexamples in question deal with situations in which the conditions of Theorem 2 are not satisfied. It has also been shown by Graves-Morris and Roberts [9] that good convergence results are in a way insensitive to the choice of Ek+,. This fact is clearly confirmed here and re-established in a very general setting. We believe that among the papers dealing with this type of convergence problem, the result obtained in the previous section is the most general and flexible to be found. It is our aim to further develop Theorem 2 as to include the multivariate analogon of "multiple" poles and the case of multivariate Newton-Pad6 approximation [5, 6] .
